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Primary scalar hair in dilatonic theories with modulus fields
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We study the general spherical symmetric solutions of dilaton-modulus gravity nonminimally coupled to a
Maxwell field, using methods from the theory of dynamical systems. We show that the solutions can be
classified by the mass, the magnetic charge, and a third parameter which we argue can be related to a scalar
charge. The global properties of the solutions are discussed.

PACS numbegps): 04.70.Bw, 11.25.Mj

INTRODUCTION change the properties of the black holes. A simplified model
which takes into account one modulus has been studied some
General relativity is a very successful theory in describingtime ago[7]. It was shown that an exact spherically symmet-
classical gravity. However, if one wants to investigate theric black hole solution of the field equations can be found by
relations between gravity and quantum mechanics, theequiring that the dilaton and the modulus are proportional.
frame-work of general relativity is no longer sufficient, and However, this restriction is not necessary, and it would be
one has to resort to a more general theory. Among the nunteresting to investigate the properties of the most general
merous attempts in this direction, one of the most successspherically symmetric solutions. In general, it is not possible
ful at present seems to be string theory. Although itsto find these solutions in analytic forrfiThe field equations
implications for quantum gravity cannot be discussed incan in fact be cast in the form of a Toda molecule system
full at the present level of development of the theory, it isof first order differential equations, which is exactly solvable
however interesting_ to notice _that some effc_acts are prf—:-se%tmy in a few special casesHowever, the qualitative be-
already at the classical level, since the effective gravitational,vior of the solutions and some quantitative results can

act.ion derivgd from the low-energy "?‘pp“?X‘m?‘“O” fhe obtained by studying the Toda dynamical system. In
string theory is different from the usual Einstein-Hilbert ac- particular, the metric and the scalar fields will necessarily be

tion. In first approximation, the difference is due to the . . .
presence of extra scalar fields, such as the dilaton and thréagular at all the points of the integral curves except critical

moduli, which are nonminimally coupled with gravity and pomts._ConsequentIy: in order to determine the gI.obaI
other fields. The coupling with these scalars modifiespropertles of the solutions, such as the structure of their ho-

some of the classical features of general relativity, suchj!#ons and asymptotlc regions, it suffices _to study their be-
as, for example, black hole thermodynamids-3]. It is havior at the c'rltlcal pomt's of the dynamical s.ystem.. One
therefore of great importance to investigate in detail ifdrawback of this method is that only the exterior region of
other standard properties of general relativity are also afthe black hole can be studied. The interior may be, however,
fected. investigated numerically by continuing the solutions beside
A remarkable example is the classification of black holethe horizon.
solutions. It is known, in fact, that black hole solutions of  In this paper we undertake the investigation of the general
charged dilaton-gravity models, such as those arising in efsolutions of the model introduced in Ré¥] using this ap-
fective string theory, present quite different properties fromproach, and show that in general there exists a three-
the Reissner-Nordstno solutions of general relativityl—2]. parameter family of asymptotically flat black hole solutions.
This is caused essentially by the nonminimal coupling of theThis result is interesting because the third parameter can be
dilaton to the Maxwell field, which does not permit the ap- presumably related to a scalar charge, giving therefore an
plication of the standard no-hair theorefg and hence al- example of primary scalar hair, in the sense of RBf. In
lows for the presence of a nontrivial dilaton field. In spite of addition to these solutions, the model also admits as a limit-
this, the dilaton charge is not an independent parameter, bitig case a two-parameter family of nonasymptotically flat
is still a function of the mass and the magnetic charge of thélack hole degenerate solutions of the kind discussed in Ref.
black hole and has henceforth sometimes been called a sg@&]. We also investigate the properties of extremal black hole
ondary hair5]. solutions, which are of great interest in recent developments
In effective four-dimensional string theory, however, fur- of string and membrane theories.
ther scalar fields are present in addition to the dilaton, such The paper is organized as follows. In Sec. | we describe
as, for example, the moduli coming from compactification ofthe model and obtain the dynamical system associated with
higher dimensions, which are nonminimally coupled to thethe field equations. In Sec. Il we discuss the exact black hole
Maxwell field [6]. The introduction of these fields may solutions, obtained for special values of the parameters. In
Sec. Il we study the dynamical system in its generality,
while in Sec. IV we discuss the physical properties of its
*Email address: mignemi@cagliari.infn.it solutions.
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|. THE ACTION AND THE FIELD EQUATIONS A first integral of Eq.(1.49 is given by
We study the actiof7] [2=eX+ a2
2 2 . . .
_ 4 Ao 2 < 2 wherea“ is an integration constant, which has been chosen
S f d'x Q{R 2(VP) 3(VE) to be non-negative because otherwise one would obtain so-

lutions with no asymptotic region, which are not of interest

to us. For the moment we consider only strictly positive val-
(1.9 L

ues ofa. As we shall see, the limia—0, corresponds to

. ) . extremal solutions. Integrating again, with a suitable choice
where® and> are the four-dimensional dilaton and modu- of the origin of & one gets

lus, respectivelyF is the Maxwell field strength, and and
\ are coupling parameters. This action has been obtained by 2ae
dimensional reduction of heterotic string effective acfieh € T1_e% (1.9
with the addition of a nonminimal coupling term for the
modulus, arising from integrating out heavy mod@és wherea can be chosen to be positive without loss of gener-
The field equations ensuing from Ed..1) are ality. Moreover, from the remaining Egél.4), one obtains
the relation

— (e72¢>+ )\2e72q2/3)|:2

2
R,,=2V, 0V, 0+ 2V, 3V, 3+2(e 2 +)\%e 200 1
aE”+<I>"+ v'=0

1
p _ 2
X\ FuFop 4 F ), which can be integrated to read

VA (e 2P+ \% 2PR)F, ] 2'=—q(v'+d’'+c) @7
-0 with ¢ an integration constant. In view of Egél.4) and
' (1.7), defining
1
2 — . A 202
Vib=—5e TR Y=v—0, nzv—gz (1.8
V2s = — q_vefzqz/:-;,:z (1.2 the field equations can be put in the “Toda molecule” form

X'=2Qie**+Qze?,

A magnetically charged spherically symmetric solution can
be found assuming Maxwell field strength 2 oy 3T,
17”=Q1e X+ TQZG K (1.9
Frn=Qémn, Mn=2,3 (1.3a

In terms ofy and 5, the derivatives of the field®, %, and

and a metric of the forml] v are given by

ds?=e?"(—dt’+e*d&?) + e?rdQ?, (1.3b

3 3+ q?
. . . o= 5| 7' — x' ——=¢cl,
wherev, p, ®, and are functions of the “radial” coordi- 3+2q 3 3
nate¢. Defining a new functiord = v+ p, the field equations
(2) take the simpler form , 39 , ,
3 :W(X —275'—c),
{'=e*, (1.4a
; - 3 @
o =—Q§e2” 2% (1.4b V’=3+2q2(77'+§)(’—§C , (1.10
"_ 2. 2v—202/3
2= —qQye™ (149 and Eq.(1.5 can be written
Vrl:Qie2V72(D+Qge2V72qE/3 (140) 3 3+q2 q2
a2_3+2 > 3 X12+2,'712_217/Xl+§c2
with Q3= Q? andQ5=\2Q?, subject to the constraint g
+Q2e?¥+Q%e?7=0. (1.1

§r2_ V/Z_(I)rZ_ lzrz_,’_ Q2e2V*2q)
3 1 Equations(1.9) with the constrain{1.11) can be solved ex-

B actly in a few special cases, which are reported in the fol-
+Qje* 2R —e¥=0, (1.5 lowing section.
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In the general case, they can be recast in the form of &elds. Rather than giving all the explicit expressions, let us
three-dimensional system of first-order differential equadirst consider the “radial” metric functione’=e?"". As

tions. If we define the variables

X=x", Y=7', Z=[Q,e”

then the constraintl.10 can be considered as a definition of
e?X. Eliminating the terme?X from Egs.(1.9), one obtains

the system
X'=7%2+2P(X,Y,2),
+ 2
Y'= 3q Z*+P(X,Y,2),
Z2'=YZ (1.12
where

P(X,Y,Z)=Q2%e

_ 2 2 2_ _ _ 72
375 [(3+a)X°+6Y?~6XY-3B]-Z

(1.13
with B=[(3+2g?)/3]a%— (q%/3)c?.

II. EXACT SOLUTIONS

A. The Q,=0 case
This limit case corresponds to minimal couplingXfi.e.,

£—0, e’—, and hence one can identify this limit with
spatial infinity. Asé— —», instead, one has from Eq4..6),
(1.10, and(2.5),

3 1k q°
a5t 327|257 3¢ )¢
(2.6)

e’~constx exp{

which implies that foré— —o0, €”— 0, giving rise to a singu-
larity, except in the special case when the constant factor
in the exponential vanishes, in which casé—const as
&——oo. In conjunction with Eq.(2.4), this request singles
out a unique real solution for the parameters, givenaby
=b=-c=—-k.

In order to analyze the metric, it is useful to write it in a
Schwarzschild-like form, by introducing a new radial coor-
dinater, such thatdr=e?‘d¢. In the new coordinates,

2.7)

where the metric functions are now viewed as functions of
With a suitable choice of the origin of one then has

ds?=—e?"dt?+ e 2"dr2+e2rdQ?,

r—rgy
e2a§: ,

— eH=(r-r (-1,

r
1-A%%=(1-A?)

—— (2.9

; — 2 — 2 2 ;
A—0. By the no-hair theorem, the regular solutions shouldVith T+=2a/(1—-A%, r_=2aA%/(1-A%). Moreover, if

have constank, as we shall verify. Whe®,=0, Eq.(1.9)
take the form

X'=2Q7e*,  7'=Qie™, 2.
The first equation can be integrated to give
x'?=2Q7e*+b? (2.2

one choosesA such thatQ,=2aA/(1—A?), the physical
fields read, in terms of the new radial coordinate,

r_
1)
r

r_
e 2%=1- - e ?*=const.

eZp=r2

ri
e’=1——,
p

(2.9

with b an integration constant. Moreover, comparing the twoThijs is nothing but the well-known Garfinkle-Horowitz-

equationg2.1),

1
n'= E(X'_k) 2.3

with k an arbitrary constant. The constraint equatitrill)
then becomes

2

b2 3 J1 q
2~ Y | T2 o2
2 34 2k+3c 0 (2.9
Integrating again Eq(2.2), one gets
. V2bAeP¢
Q=1 pzet (29

with A an integration constant.
From these results and the relatidds10, one can now

Strominger (GHS) solution [1-2]. It describes asymptoti-
cally flat black holes with mass./2 and chargeQ?
=r.r_/2. The surface =r, is a horizon while the point
=r_ is a singularity.

Qualitatively different solutions arise in the special case
A=1. In this caseg®*~e?¥, and choosing the origin of
such thatr , =2a, one gets

2v_

e?’=r—r,, e*=r,

20 _

e r, e 2=const.

(2.10

This solution is not asymptotically flat, but still possesses a
horizon atr . and is singular at the origin. It has been inves-
tigated in detail in Ref[8].

Another important limit is reached when=0 and corre-
sponds to external black holes with=r , . In fact, in that
casee?’=¢ 2, and proceeding as before one can show that

write down the general solution in terms of the physicalthe existence of a regular horizon implies that also the pa-
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These solutions have not been considered previously, but

+A) 2, with A an integration constant. Defining a new co- essentially coincide with the generalized GHS solutions

ordinater = A(1—A¢ 1), the metric functions can be finally
cast in the form(2.9), withr . =r_=A.

B. The Q;=0 case

This case corresponds to minimal couplingdefand can
be considered the limit of Eq1.1) for A—~. By the no-hair
theorem, the regular solutions must have constntThe
field equations are now

3+q2
u:Qgezn, 77//: q Q%eZn (2.12)
Proceedings as before, one gets
) [ 3 2bAé*
Q.e"= 3+q2 1-AZ%®E
3 2.1
X'=grg (' =, (2.12
where b, A, k are integration constants, together with the
constraint
3 3 3 q?
2 2 2, 1 2|
a 3+q2b 3+2¢2 3+q2k 3 C} 0.

(2.13

We again look for regular black hole solutions. For this

purpose, we consider the asymptotic behavior eff as
&——oo, which is now
ef~const
el

-
(2.149

A horizon can only occur when the coefficient éfin the
exponential vanishes, in which casé— const asé— —».
This condition, together with Eq2.13 implies thata=b
=—c=—3k/g>%

Defining a new coordinate as before, forA such that

3 2

3+2¢°

2
q q
2|(+ §C)

2aA

B 3
Q= V3iq2 1-a7

A2’

one gets finally

r, r\(3-a9/(3+0?)
e=(a-" )1 '

r_
ezp_r2 ]

r ) 60/(3+0%)

e ?®=const, e &= ( 1-—

(2.15

[1-2], where now3 plays the role of the dilaton. They
describe asymptotically flat black holes with mass
Hr o +[(3—¢?)/(3+g?)]r_} and charge Q3=[3/(3
+q2)]r.r_. A horizon occurs at=r , and a singularity at
r=r_. The external limitr, =r_ is achieved whera=b
=c=k=0.

Also the limit A=1 is special and describes nonasymp-
totically flat black holes. FOA=1 one has, in fact,

@2 =(r—r )r@-a/E+a®) g2 20%(3+07)

_ _ 2
e 2®=const, e 2> =rba/(3+a)

(2.19

Metrics of this form have been investigated in R

C. The casex' =17’

The last case in which exact solutions can be obtained is
given by the conditionp= y-+const, which corresponds to
the solutions found in Ref7]. Settinge®”=K?2e?X, the field
equations become

+q?
3

=(2Q%+K?2Q3)eX = K2Q§) e2x

(2.17

2
Qi+

Hence K?=(3/9?)(Q?/Q3)=3/\?qg?, and

[ a®  2bAe*
Q"= V3527 1A%

whereb andA are integration constants. The constrding)
reduces to

(2.18

3+q? q°
2_ 2_ 2_
a 31207 35202 c“=0. (2.19
The solution possesses a horizon if
3+q° q°
a— 3+2q2b+ 3+2qzc—O. (2.20

From Egs.(2.19 and(2.20), one obtainma=b=—c.
In terms of the coordinate defined above, choosing
such that

g° 2aA
3+ 2q A2’

Q1=

the metric functions read

(17

ezp r2 ] —

1-— —
r

r )3/(3+ 29?)
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r ) 29%/(3+29?)

ech:(l__

« \/ 9B
=
r ’ [ Xl (3+29%)(3+09°)

6a/(3+29%) there is a critical point aX=X,, Y=Y, Z=0, whereY,, is
(2.29) given in terms ofX; by the solution of the quadratic equation

e72E: (3/q2)\2)3/q< 1— T

(Notice that we have exchanged the definitiom pfandr _.) (3+0%)X§+6Y5—6XoYo—3B=0. 3.1
These solutions describe asymptotically flat black holes of o ) )
mass The characteristic equation for small perturbations,

1 3

= X=Xo+X, |x|<1,

2 r++3+2q2r)
and chargd7] Y=Yoty, |y|<1,

2
2 1 Z=7Zy+2, |2|<1,
Q1 3+2q2r*r*' 0 2|

) . ) has eigenvalues 0,X, andY,. Hence, each point in the
Also in this case the extremal black holes are obtained foly — g plane satisfying Eq3.1) with X,>0, Yo>0, repels a

vanishinga, b, andc. _ two-dimensional bunch of solutions in the full three-
In the special casé=1, the solutions reduce to dimensional phase space, while solutions of Eyl) with
e2”:(r—r+)r3’(3+2qz> o2 26203+ 20P) X0<0, Yo<O0 are attractors. The points witky>0, Y,<0

or Xo<0, Y,>0 act as saddle points. The presence of a
vanishing eigenvalue is due of course to the fact that there is
e 20 =207(3+20%) 23— (3/q2)\2)%ar6a/(3+a?) a continuous set of critical points lying on a curve. The criti-
(2.22 cal points correspond t§— —x for trajectories starting from
the ellipse, and to the limg— for trajectories ending at the

and describe nonasymptotically flat black holes. ellipse.
The pattern of trajectories in th&=0 plane, which cor-
lll. THE DYNAMICAL SYSTEM respond to the exact solutions discussed in Sec. Il A is de-

. N picted in Fig. 1a). They are given by lines of equation
. Thetdﬁnadm'cal systelrﬁl.ltZ) |§|mgla;r£fana:cogou;] SYS™ =1(x—K), with k a constant. The lines which do not intersect
ems studied in several contexti], but differs from these ctfe ellipse, i.e., those witfk|> /B, correspond to oscillatory

because _the critical points at finite distance I'e.‘ on a Compagyapavior ofx andY and are not of interest to us. Notice that
curve. It is easy to see, in fact, that all the critical points at

finite distance are placed at the intersection between th:%hg :mtrg;ng:xtrjqoe ctories, for whiclk| = B are tangent to
planeZ=0 and the hyperboloi® =0, with P defined in Eq. P N

. " . . The projection of the trajectories corresponding to the ex-
(1.13, Wh.ICh (except in sor’rle degenerate casgssn e_Illpse. act solutions of Sec. 11 B from the hyperboloid to tHe=0
In particular, the plan&=0 corresponds to the limiD,

—0. The system is invariant unde 7 but theZ<0 plane presents a similar phase portrait. The trajectories sat-
=0. — — 4, . . . H _ 2 — !
half-space is simply a copy of the positiZehalf-space and 'Sf{ '? t.h'st case thte ke,qi%_[(3+31 )/3%I(X kT)h and
has no physical significance. Hence, we shall not consider gny trajectories wi hK'| /o cross the ellipse. The pro-
in the following. jections of the extremal trajector|e§ correspondmg||¢d

The hyperboloidP=0 contains the trajectories corre- — \VB/3 are now tangent to the ellipse ¥t=0 [see Fig.

sponding to the limiQ,=0. If B>0 it is one sheeted, while Lb)]- . .
it is two sheeted iB<<0. We shall consider only the former Fo_r completeness, we notice that .the solutions of Sec. 2C
case. It is easy to see, in fact, that wis 0, the hyperbo- 2r€ given by the hyperbola of equation
loid does not intersect the plaZe=0 and therefore there are
no critical points at finite distance. It follows that the solu-
tions of the dynamical system are of oscillatory type, and dq
not lead to reasonable black hole geometries. Moreover, thé
physically relevant solutions are those in the exterior of the[io
hyperboloid, which corresponds [Q,|eX>0, i.e., to the ex-
ternal region of the black hole. Finally, we notice that in the
limit B=0, the hyperboloid reduces to a cone and the only 1
critical point at finite distance is the origin of the coordinates. eP~exp{—2[(3+ 209%)a+0g%c—g*Xo—3Y,] g},
This limit corresponds to extremal black hole solutions. 3+2q

As noted above, wheB>0, the intersection of the hy- )
perboloidP=0 with the planez=0 is given by an ellipse. 20 2 2
More precisely, for every © exp{3+ 2q7( areta X°+3Y0)4' @3

(3+09%)(3+29%)Z22—-3(3+g>)X*=-9B, (3.2

ing in the planeX=Y.
We pass now to consider the behavior of the metric func-
ns e, e’, for é&——o. In this limit, e?X~e?%e¢ @27

~e?Yo¢ and hence,
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[ 3
XOZYOZ 3_._—qu

<

correspond to solutions with regular horizon, provided
—a. These special trajectories are represented in Figs. 1
and Xb) by dashed lines.
To complete the analysis of the phase space we must also
investigate the nature of the critical points on the surface at
X infinity. This can be done by defining new coordinatey,
andz such that infinity corresponds t0—0:

-~ ,/
/ 3 1 _ Y _ A
u= i, y= i’ Z= i
// Then Eqgs(1.12 take the form

u=—(z*+2p)u,

N

\

\

2

3+
M y=—(Z+2p)y+ —52+p,
/
/
? z=(y—2°—2p)z (3.5
/
/ where we have definep=P/X? and a overdot denotes

ud/dé. The critical points withu=0 can be classified in
three categories.
(1) Two critical points, which we denotk; , placed at
X y=1/2,z=0, i.e.,

X
X=*xw, Y=, Z=0.

2
These are the end points of the trajectories lying in Zhe
=0 plane. The analysis of stability shows that the point with
X>0 (X<0) acts as an attractdrepellop both on the tra-
jectories coming from finite distance and on the two-

FIG. 1. (8) The phase plan&=0. As discussed in the text, only dimensional bunch of trajectories lying on the surface at in-

the dashed trajectory corresponds to a regular black hole solutlorﬁ'n'ty
while the others correspond to solutions with naked singularities. (2) Two critical pointsM; lie aty=(3+ 9°)/3, 2=(3
(b) The projections on the plarg=0 of the trajectories lying on +(Q )/3 ie.,
the hyperboloid. Also in this case, only the dashed line corresponds

i 3+q? [3+q?
to a regular black hole solution. X=+ow, Y= 3q X, Z= Sq X.

In general, the radius”— 0 asé— —o, except in the special

case These are the endpoints of the trajectories lying on the hy-

perboloidP=0. The analysis of stability shows that also in
this case the point wittK>0 (X<0) attracts(repelg both
the trajectories coming from finite distance and those lying
on the surface at infinity.

(3) Two critical pointsN, , lie aty=1, z2=3/(3+2q?),

(3+2g%)a+g%c—q®Xg—3Y,=0. (3.4

This equation, combined with E§3.1), gives the only real
solutionXy=Yy=a= —c. In this casee’— const as— —». ie
When these conditions are not satisfied, the metric function

e?” is singular near the critical points, giving rise to a singu- 3
larity ase”—0. X=xee, ¥=X, 2= mx'

Also when the relatior{3.4) is satisfied, the metric func-
tion e?” behaves singularly near the critical points, but thisThese are the end points of the hyperba2) in the X
can be shown to be simply a coordinate singularity by com=Y plane. The points withX>0(X<0) act as attractors
puting the curvature invariants, which tend to a constantrepellors on the trajectories coming from finite distance and
value asé—— when Eq.(3.4) holds. One can also check as saddle points on the trajectories at infinity.
that, under these conditions, the scalar fields are regular for In Fig. 2 we sketch the pattern of trajectories on the sur-
é——o. Therefore, all the trajectories starting from the pointface at infinity. The point at infinity is reached fgr— &,
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1 " y 0 y the solutions. For this purpose, it is useful to define a new
radial coordinate such thatdr=e?‘d¢, as in Sec. Il. One
N, N, has
1 r+_r_e2a§
Ve " r=———r. 4.2)

where we have definedr,=2a(l—e 22%0)"1 r_
=2ae 23%(1—e 23%0) "1 In this way it is easy to identify
the range of variation of with the corresponding physical
regions of the spacetime.
Foré— o, r—r., while for §&-0, r—o. Moreover, for
&— &y, which without loss of generality we shall assume
- e 7’ non-negativer — 0, except wherg, vanishes.
7 If £&,#0, we can identify the trajectories starting at the
ellipse and ending at the poigg with the exterior region of
the black hole >r . . If the condition(3.4) is satisfied, these
solutions possess a regular horizon. Moreover, they are as-
ymptotically flat, sincee?® and e?” tend to a constant as
£—0. One can calculate the behavior of these solutions as
r—r, From Egs.(3.3) and(3.4), one sees that for regular
X~ = &g H0,  @7~|g— &|Y0/v0, solutionse?”~e?3¢ and hencee®’~(r—r ) for r—r . In '
the same way one can see that the scalar fields are constant in
where Uozzg-{— 2py, the subscript 0 indicating the value that limit. It may be noticed that E¢3.6) implies that in the
taken at the critical points. Hence, 4+ 0, for £ &,, the  unphysical limitr —0, e*"~e™ 2/,

FIG. 2. The phase space on the sphere at infinity, wkere
=arctanlf/X), 6= arctan{/X>+Y%/Z).

where &, is a finite constant. It is easy to see that for
— &g, the functionsy and » behave as

metric functions behave as With our conventions, the trajectories startingXat — «
and ending at the ellipse correspond to the unphysical region
e”~e"’~|g_§O|[3/<3+2q2>][yo+q2/3]v51, 0<r<r_. Unfortunately, since _ is in general a singular-
ity, one cannot single out the trajectories corresponding to
e~ |- §O|[3/(3+2q2)][y0—(3+q2)/3]yal, physical solutions by requiring the regularity of the curvature

invariants near that point, as far, . Moreover, with our
methods, we are not able to connect the solutions in the
regionr>r . with those inr<r, and then to discuss their
ehavior at =r _. This may, however, be achieved by using
umerical methods.

The case&,=0 needs a separate discussion. The solutions
are no longer asymptotically flat, but their behavior for
&7 ® can be obtained from th&—0 limit, which in our case
turns out to be

2 _ -1
e2~|§_ §O|[3q/(3+2q )(1=2yg)vg ~ (3.6

The following picture of the phase space emerges: a famig
of trajectories start at the ellipse and end at one of the critical
pointsL;,M1,N;. Another family of trajectories start at one
of the critical pointsL,, M,, or N, and end at the ellipse.
Moreover, there are trajectories which never intersect th
ellipse, connecting the critical points At= —« to those at

X=+0. Of all the trajectories, only those starting at points e”~|§|[3’(3+2q2>](yo+q2’3>051,

of the ellipse such thaX,=Y, can correspond to regular

solutions. For completeness, we observe that most of the ep~|§|l*[3/<3+2q)]<yo+q2/3>v51,
trajectories lying in the interior of the hyperboloid jdih; to

M,, but we shall not study them in detail because they are e‘1’~|§|[3/(3+2q2>][yo—<3+q2>/3]v61,

devoid of physical significance.
&5 ~ |33+ 29)(1-2yovg
IV. DISCUSSION . 1.
Moreover, since foré—0, r~|& 1, it follows that for r
We finally discuss the implications of the phase space—c the solutions behave in one of the following three ways,
portrait of the previous section on the physical properties otlepending on the critical points where they terminate:

eZV, eZp7 e72(IJ, 3722,
L2, r r r, const,
2 2 2 2

M1,21 r6/(3-%—q ), r2d 1(3+q ), const, r6q/(3+q )'

Ny, r(6+209/(3+20%)  (29%/(3+29%)  20%(3+207) [ 6a/(3+207),

r )
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These patterns coincide with those of the exact solutionfield equationg1.2). These are characterized by three param-
(2.10, (2.16, or (2.22: hence all solutions of the system eters: mass, magnetic char@e equivalentlyr . andr_, or

(1.2) are either asymptotically flat or possess the same@ andé,), and a third parameter which classifies the different
asymptotic behavior as one of the exact nonflat solutionsyrajectories starting from the critical pointXy=Y,

Moreover, from the discussion of Sec. lll of the phase space- [3/(3+q9)]B, Z,=0. We conjecture that the third pa-

at infinity, it follows that the point¥, , are unstable, so that 5 meter can be related t combination of the scalar

most trajectories of this class actually behave like the soluzparges of the dilaton and the modulus. This conjecture can-

tions (2‘1.@ or (2.1 for r—e. . not be checked explicitly because only in a few special cases
As noticed above, the other relevant.hr.mt caBeg 0, cor- the solution can be written in an analytic form.

responds to the extremal black hole limit. In this case, the The presence of an independent scalar charge would rep-

only critical point at finite distance is the origin of coordi- . )
. : . . resent a novelty in the context of the no-hair results. In fact,
nates, and all the eigenvalues of the linearized equations var- . . . o
the known cases of dilaton gravity with nonminimal

ish. This degeneration corresponds to a power-law behavior. . _ ! . o
ilaton-Maxwell coupling, even if the dilaton is nontrivial,

of the variablesX, Y, and Z near the critical pointX~ its charge is not an independent parameter, but is related to
—af y~—B&L, 2~ JP~¢ % One can easily , ,

see from the field equations that the only possible values fof '€ Mass and magnetic charge of the black fisézondary

a and B are a=1, B=1/2, a=1, =1, anda=3/(3+q?) hair). In our case of two nonminimally coupled scalar fields,

B=1, which coincide with those of the exact extremal soly-it seems inste.ad that a new independent charge is needed in
tions of Sec. Il. One can also check numerically that only thePrder to classify the solutions. . o
valuesa=1, B=1 are stable, so that all the trajectories, ex- Another interesting result is that in the extremal limit all
cept the exact ones, behave near the critical point at théhe solutions except the unphysical case of a minimally
origin similar to the solution$2.21) (case @. This is inter-  coupled dilaton, have the same behavior near the horizon,
esting, because from the previous discussion we know thatecoupling into the product of two two-dimensional spaces.
this limit corresponds to the horizon of the extremal blackThis is interesting since such a behavior is required in recent
hole. Now, it is well known that in the cases A and C of Sec.attempts of calculating black hole entropy by counting mi-
Il, the extremal “string” metricd¥=e?#ds? has a “near- crostates of a conformal field theof§2].

horizon” limit in which the metric functione®® becomes Finally, we have clarified the role of non-asymptotically
constanf11], and hence the spacetime decouples in the diflat solutions, which were first discussed in Rgd] in the

rect product of two two-dimensional spaces, while this is nofcase of ordinary dilaton gravity, and shown that in our model

true for case B. But since all solutions except A and B,they form a two-parameter family whose asymptotic behav-
behave as C near the horizon, we can conclude that solutiggr can assume only three possible forms.

B is the only one for whiche?” is not constant near the
horizon.

Before concluding this section, it is important to remark
that the qualitative properties of the phase space and hence of
the solutions are unaffected by the value of the paranegter
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