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Primary scalar hair in dilatonic theories with modulus fields

S. Mignemi*
Dipartimento di Matematica, Universita` di Cagliari viale Merello 92, 09123 Cagliari, Italy

and INFN, Sezione di Cagliari, Italy
~Received 30 July 1999; published 22 June 2000!

We study the general spherical symmetric solutions of dilaton-modulus gravity nonminimally coupled to a
Maxwell field, using methods from the theory of dynamical systems. We show that the solutions can be
classified by the mass, the magnetic charge, and a third parameter which we argue can be related to a scalar
charge. The global properties of the solutions are discussed.

PACS number~s!: 04.70.Bw, 11.25.Mj
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INTRODUCTION

General relativity is a very successful theory in describ
classical gravity. However, if one wants to investigate
relations between gravity and quantum mechanics,
frame-work of general relativity is no longer sufficient, an
one has to resort to a more general theory. Among the
merous attempts in this direction, one of the most succ
ful at present seems to be string theory. Although
implications for quantum gravity cannot be discussed
full at the present level of development of the theory, it
however interesting to notice that some effects are pre
already at the classical level, since the effective gravitatio
action derived from the low-energy approximation
string theory is different from the usual Einstein-Hilbert a
tion. In first approximation, the difference is due to t
presence of extra scalar fields, such as the dilaton and
moduli, which are nonminimally coupled with gravity an
other fields. The coupling with these scalars modifi
some of the classical features of general relativity, su
as, for example, black hole thermodynamics@1–3#. It is
therefore of great importance to investigate in detail
other standard properties of general relativity are also
fected.

A remarkable example is the classification of black h
solutions. It is known, in fact, that black hole solutions
charged dilaton-gravity models, such as those arising in
fective string theory, present quite different properties fro
the Reissner-Nordstro¨m solutions of general relativity@1–2#.
This is caused essentially by the nonminimal coupling of
dilaton to the Maxwell field, which does not permit the a
plication of the standard no-hair theorems@4# and hence al-
lows for the presence of a nontrivial dilaton field. In spite
this, the dilaton charge is not an independent parameter
is still a function of the mass and the magnetic charge of
black hole and has henceforth sometimes been called a
ondary hair@5#.

In effective four-dimensional string theory, however, fu
ther scalar fields are present in addition to the dilaton, s
as, for example, the moduli coming from compactification
higher dimensions, which are nonminimally coupled to t
Maxwell field @6#. The introduction of these fields ma
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change the properties of the black holes. A simplified mo
which takes into account one modulus has been studied s
time ago@7#. It was shown that an exact spherically symm
ric black hole solution of the field equations can be found
requiring that the dilaton and the modulus are proportion
However, this restriction is not necessary, and it would
interesting to investigate the properties of the most gen
spherically symmetric solutions. In general, it is not possi
to find these solutions in analytic form.~The field equations
can in fact be cast in the form of a Toda molecule syst
of first order differential equations, which is exactly solvab
only in a few special cases.! However, the qualitative be
havior of the solutions and some quantitative results
be obtained by studying the Toda dynamical system.
particular, the metric and the scalar fields will necessarily
regular at all the points of the integral curves except criti
points. Consequently, in order to determine the glo
properties of the solutions, such as the structure of their
rizons and asymptotic regions, it suffices to study their
havior at the critical points of the dynamical system. O
drawback of this method is that only the exterior region
the black hole can be studied. The interior may be, howe
investigated numerically by continuing the solutions bes
the horizon.

In this paper we undertake the investigation of the gene
solutions of the model introduced in Ref.@7# using this ap-
proach, and show that in general there exists a thr
parameter family of asymptotically flat black hole solution
This result is interesting because the third parameter ca
presumably related to a scalar charge, giving therefore
example of primary scalar hair, in the sense of Ref.@5#. In
addition to these solutions, the model also admits as a lim
ing case a two-parameter family of nonasymptotically fl
black hole degenerate solutions of the kind discussed in R
@8#. We also investigate the properties of extremal black h
solutions, which are of great interest in recent developme
of string and membrane theories.

The paper is organized as follows. In Sec. I we descr
the model and obtain the dynamical system associated
the field equations. In Sec. II we discuss the exact black h
solutions, obtained for special values of the parameters
Sec. III we study the dynamical system in its generali
while in Sec. IV we discuss the physical properties of
solutions.
©2000 The American Physical Society14-1
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I. THE ACTION AND THE FIELD EQUATIONS

We study the action@7#

S5E d4xA2gFR22~¹F!22
2

3
~¹S!2

2~e22F1l2e22qS/3!F2G , ~1.1!

whereF andS are the four-dimensional dilaton and mod
lus, respectively,F is the Maxwell field strength, andq and
l are coupling parameters. This action has been obtaine
dimensional reduction of heterotic string effective action@9#,
with the addition of a nonminimal coupling term for th
modulus, arising from integrating out heavy modes@6#.

The field equations ensuing from Eq.~1.1! are

Rmn52¹mF¹nF1
2

3
¹mS¹nS12~e22F1l2e22qS/3!

3S Fm
rFnr2

1

4
F2gmnD ,

¹m@~e22F1l2e22qS/3!Fmn#

50,

¹2F52
1

2
e22FF2,

¹2S52
ql2

2
e22qS/3F2. ~1.2!

A magnetically charged spherically symmetric solution c
be found assuming Maxwell field strength

Fmn5Qemn , m,n52,3 ~1.3a!

and a metric of the form@1#

ds25e2n~2dt21e4rdj2!1e2rdV2, ~1.3b!

wheren, r, F, andS are functions of the ‘‘radial’’ coordi-
natej. Defining a new functionz5n1r, the field equations
~2! take the simpler form

z95e2z, ~1.4a!

F952Q1
2e2n22F, ~1.4b!

S952qQ2
2e2n22qS/3, ~1.4c!

n95Q1
2e2n22F1Q2

2e2n22qS/3 ~1.4d!

with Q1
25Q2 andQ2

25l2Q2, subject to the constraint

z822n822F822
1

3
S821Q1

2e2n22F

1Q2
2e2n22qS/32e2z50, ~1.5!
02401
by

n

A first integral of Eq.~1.4a! is given by

z825e2z1a2,

wherea2 is an integration constant, which has been cho
to be non-negative because otherwise one would obtain
lutions with no asymptotic region, which are not of intere
to us. For the moment we consider only strictly positive v
ues of a. As we shall see, the limita→0, corresponds to
extremal solutions. Integrating again, with a suitable cho
of the origin ofj, one gets

ez5
2aeaj

12e2aj , ~1.6!

wherea can be chosen to be positive without loss of gen
ality. Moreover, from the remaining Eqs.~1.4!, one obtains
the relation

1

q
S91F91n950

which can be integrated to read

S852q~n81F81c! ~1.7!

with c an integration constant. In view of Eqs.~1.4! and
~1.7!, defining

x5n2F, h5n2
q

3
S ~1.8!

the field equations can be put in the ‘‘Toda molecule’’ for

x952Q1
2e2x1Q2

2e2h,

h95Q1
2e2x1

31q2

3
Q2

2e2h ~1.9!

In terms ofx andh, the derivatives of the fieldsF, S, and
n are given by

F85
3

312q2 S h82
31q2

3
x82

q2

3
cD ,

S85
3q

312q2 ~x822h82c!,

n85
3

312q2 S h81
q2

3
x82

q2

3
cD , ~1.10!

and Eq.~1.5! can be written

a22
3

312q2 F31q2

3
x8212h8222h8x81

q2

3
c2G

1Q1
2e2x1Q2

2e2h50. ~1.11!

Equations~1.9! with the constraint~1.11! can be solved ex-
actly in a few special cases, which are reported in the
lowing section.
4-2
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In the general case, they can be recast in the form o
three-dimensional system of first-order differential equ
tions. If we define the variables

X5x8, Y5h8, Z5uQ2ueh

then the constraint~1.10! can be considered as a definition
e2x. Eliminating the terme2x from Eqs.~1.9!, one obtains
the system

X85Z212P~X,Y,Z!,

Y85
31q2

3
Z21P~X,Y,Z!,

Z85YZ, ~1.12!

where

P~X,Y,Z!5Q1
2e2x

5
1

312q2 @~31q2!X216Y226XY23B#2Z2

~1.13!

with B5@(312q2)/3#a22(q2/3)c2.

II. EXACT SOLUTIONS

A. The Q2Ä0 case

This limit case corresponds to minimal coupling ofS, i.e.,
l→0. By the no-hair theorem, the regular solutions sho
have constantS, as we shall verify. WhenQ250, Eq. ~1.9!
take the form

x952Q1
2e2x, h95Q1

2e2x, ~2.1!

The first equation can be integrated to give

x8252Q1
2e2x1b2 ~2.2!

with b an integration constant. Moreover, comparing the t
equations~2.1!,

h85
1

2
~x82k! ~2.3!

with k an arbitrary constant. The constraint equation~1.11!
then becomes

a22
b2

2
2

3

312q2 F1

2
k21

q2

3
c2G50 ~2.4!

Integrating again Eq.~2.2!, one gets

Q1ex5
&bAebj

12A2e2bj ~2.5!

with A an integration constant.
From these results and the relations~1.10!, one can now

write down the general solution in terms of the physic
02401
a
-

d

o

l

fields. Rather than giving all the explicit expressions, let
first consider the ‘‘radial’’ metric functioner5ez2n. As
j→0, er→`, and hence one can identify this limit wit
spatial infinity. Asj→2`, instead, one has from Eqs.~1.6!,
~1.10!, and~2.5!,

er;const3expH Fa2
b

2
1

3

312q2 S 1

2
k1

q2

3
cD GjJ

~2.6!

which implies that forj→2`, er→0, giving rise to a singu-
larity, except in the special case when the constant fa
in the exponential vanishes, in which caseer→const as
j→2`. In conjunction with Eq.~2.4!, this request singles
out a unique real solution for the parameters, given bya
5b52c52k.

In order to analyze the metric, it is useful to write it in
Schwarzschild-like form, by introducing a new radial coo
dinater, such thatdr5e2zdj. In the new coordinates,

ds252e2ndt21e22ndr21e2rdV2, ~2.7!

where the metric functions are now viewed as functions or.
With a suitable choice of the origin ofr, one then has

e2aj5
r 2r 1

r 2r 2
, e2z5~r 2r 1!~r 2r 2!,

12A2e2aj5~12A2!
r

r 2r 2
~2.8!

with r 152a/(12A2), r 252aA2/(12A2). Moreover, if
one choosesA such thatQ152aA/(12A2), the physical
fields read, in terms of the new radial coordinate,

e2n512
r 1

r
, e2r5r 2S 12

r 2

r D ,

e22F512
r 2

r
, e22S5const. ~2.9!

This is nothing but the well-known Garfinkle-Horowitz
Strominger ~GHS! solution @1–2#. It describes asymptoti-
cally flat black holes with massr 1/2 and chargeQ1

2

5r 1r 2/2. The surfacer 5r 1 is a horizon while the pointr
5r 2 is a singularity.

Qualitatively different solutions arise in the special ca
A51. In this case,e2z;e2x, and choosing the origin ofr
such thatr 152a, one gets

e2n5r 2r 1 , e2r5r ,

e22F5r , e22S5const. ~2.10!

This solution is not asymptotically flat, but still possesse
horizon atr 1 and is singular at the origin. It has been inve
tigated in detail in Ref.@8#.

Another important limit is reached whena50 and corre-
sponds to external black holes withr 25r 1 . In fact, in that
casee2z5j22, and proceeding as before one can show t
the existence of a regular horizon implies that also the
4-3
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rametersb, c, and k must vanish. Hence, one hase2x5(j
1A)22, with A an integration constant. Defining a new c
ordinater 5A(12Aj21), the metric functions can be finall
cast in the form~2.9!, with r 15r 25A.

B. The Q1Ä0 case

This case corresponds to minimal coupling ofF and can
be considered the limit of Eq.~1.1! for l→`. By the no-hair
theorem, the regular solutions must have constantF. The
field equations are now

x95Q2
2e2h, h95

31q2

3
Q2

2e2h. ~2.11!

Proceedings as before, one gets

Q2eh5A 3

31q2

2bAebj

12A2e2bj ,

x85
3

31q2 ~h82k!, ~2.12!

where b, A, k are integration constants, together with t
constraint

a22
3

31q2 b22
3

312q2 F 3

31q2 k21
q2

3
c2G50.

~2.13!

We again look for regular black hole solutions. For th
purpose, we consider the asymptotic behavior ofer as
j→2`, which is now

er;const

3expH Fa2
3

31q2 b1
3

312q2 S q2

31q2 k1
q2

3
cD GjJ .

~2.14!

A horizon can only occur when the coefficient ofj in the
exponential vanishes, in which caseer→const asj→2`.
This condition, together with Eq.~2.13! implies thata5b
52c523k/q2.

Defining a new coordinater as before, forA such that

Q25A 3

31q2

2aA

12A2 ,

one gets finally

e2n5S 12
r 1

r D S 12
r 2

r D ~32q2!/~31q2!

,

e2r5r 2S 12
r 2

r D 2q2/~31q2!

,

e22F5const, e22S5S 12
r 2

r D 6q/~31q2!

. ~2.15!
02401
These solutions have not been considered previously,
essentially coincide with the generalized GHS solutio
@1–2#, where nowS plays the role of the dilaton. They
describe asymptotically flat black holes with ma
1
2 $r 11@(32q2)/(31q2)#r 2% and charge Q2

25@3/(3
1q2)#r 1r 2 . A horizon occurs atr 5r 1 and a singularity at
r 5r 2 . The external limitr 15r 2 is achieved whena5b
5c5k50.

Also the limit A51 is special and describes nonasym
totically flat black holes. ForA51 one has, in fact,

e2n5~r 2r 1!r ~32q2!/~31q2!, e2r5r 2q2/~31q2!,

e22F5const, e22S5r 6q/~31q2!. ~2.16!

Metrics of this form have been investigated in Ref.@8#.

C. The casex8Äh8

The last case in which exact solutions can be obtaine
given by the conditionh5x1const, which corresponds t
the solutions found in Ref.@7#. Settinge2h5K2e2x, the field
equations become

x95~2Q1
21K2Q2

2!e2x5S Q1
21

31q2

3
K2Q2

2De2x.

~2.17!

Hence,K25(3/q2)(Q1
2/Q2

2)53/l2q2, and

Q1ex5A q2

312q2

2bAebj

12A2e2bj , ~2.18!

whereb andA are integration constants. The constraint~1.5!
reduces to

a22
31q2

312q2 b22
q2

312q2 c250. ~2.19!

The solution possesses a horizon if

a2
31q2

312q2 b1
q2

312q2 c50. ~2.20!

From Eqs.~2.19! and ~2.20!, one obtainsa5b52c.
In terms of the coordinater defined above, choosingA

such that

Q15A q2

312q2

2aA

12A2 ,

the metric functions read

e2n5S 12
r 1

r D S 12
r 2

r D 3/~312q2!

,

e2r5r 2S 12
r 2

r D 2q2/~312q2!

,

4-4
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e22F5S 12
r 2

r D 2q2/~312q2!

,

e22S5~3/q2l2!3/qS 12
r 2

r D 6q/~312q2!

. ~2.21!

~Notice that we have exchanged the definition ofr 1 andr 2.!
These solutions describe asymptotically flat black holes
mass

1

2 S r 11
3

312q2 r 2D
and charge@7#

Q1
25

q2

312q2 r 1r 2 .

Also in this case the extremal black holes are obtained
vanishinga, b, andc.

In the special caseA51, the solutions reduce to

e2n5~r 2r 1!r 3/~312q2!, e2r5r 2q2/~312q2!,

e22F5r 2q2/~312q2!, e22S5~3/q2l2!3/qr 6q/~31q2!

~2.22!

and describe nonasymptotically flat black holes.

III. THE DYNAMICAL SYSTEM

The dynamical system~1.12! is similar to analogous sys
tems studied in several contexts@10#, but differs from these
because the critical points at finite distance lie on a comp
curve. It is easy to see, in fact, that all the critical points
finite distance are placed at the intersection between
planeZ50 and the hyperboloidP50, with P defined in Eq.
~1.13!, which ~except in some degenerate cases! is an ellipse.

In particular, the planeZ50 corresponds to the limitQ1
50. The system is invariant underZ→2Z, but theZ,0
half-space is simply a copy of the positiveZ half-space and
has no physical significance. Hence, we shall not consid
in the following.

The hyperboloidP50 contains the trajectories corre
sponding to the limitQ250. If B.0 it is one sheeted, while
it is two sheeted ifB,0. We shall consider only the forme
case. It is easy to see, in fact, that whenB,0, the hyperbo-
loid does not intersect the planeZ50 and therefore there ar
no critical points at finite distance. It follows that the sol
tions of the dynamical system are of oscillatory type, and
not lead to reasonable black hole geometries. Moreover,
physically relevant solutions are those in the exterior of
hyperboloid, which corresponds touQ2uex.0, i.e., to the ex-
ternal region of the black hole. Finally, we notice that in t
limit B50, the hyperboloid reduces to a cone and the o
critical point at finite distance is the origin of the coordinate
This limit corresponds to extremal black hole solutions.

As noted above, whenB.0, the intersection of the hy
perboloidP50 with the planeZ50 is given by an ellipse.
More precisely, for every
02401
f
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uX0u<A 9B

~312q2!~31q2!

there is a critical point atX5X0 , Y5Y0 , Z50, whereY0 is
given in terms ofX0 by the solution of the quadratic equatio

~31q2!X0
216Y0

226X0Y023B50. ~3.1!

The characteristic equation for small perturbations,

X5X01x, uxu!1,

Y5Y01y, uyu!1,

Z5Z01z, uzu!1,

has eigenvalues 0, 2X0 , and Y0 . Hence, each point in the
Z50 plane satisfying Eq.~3.1! with X0.0, Y0.0, repels a
two-dimensional bunch of solutions in the full thre
dimensional phase space, while solutions of Eq.~3.1! with
X0,0, Y0,0 are attractors. The points withX0.0, Y0,0
or X0,0, Y0.0 act as saddle points. The presence o
vanishing eigenvalue is due of course to the fact that ther
a continuous set of critical points lying on a curve. The cr
cal points correspond toj→2` for trajectories starting from
the ellipse, and to the limitj→` for trajectories ending at the
ellipse.

The pattern of trajectories in theZ50 plane, which cor-
respond to the exact solutions discussed in Sec. II A is
picted in Fig. 1~a!. They are given by lines of equationY
51

2(X2k), with k a constant. The lines which do not interse
the ellipse, i.e., those withuku.AB, correspond to oscillatory
behavior ofX andY and are not of interest to us. Notice th
the extremal trajectories, for whichuku5AB are tangent to
the ellipse atX50.

The projection of the trajectories corresponding to the
act solutions of Sec. II B from the hyperboloid to theZ50
plane presents a similar phase portrait. The trajectories
isfy in this case the equationY5@(31q2)/3#(X2k8) and
only trajectories withuk8u,AB/3 cross the ellipse. The pro
jections of the extremal trajectories corresponding touk8u
5AB/3 are now tangent to the ellipse atY50 @see Fig.
1~b!#.

For completeness, we notice that the solutions of Sec.
are given by the hyperbola of equation

~31q2!~312q2!Z223~31q2!X2529B, ~3.2!

lying in the planeX5Y.
We pass now to consider the behavior of the metric fu

tions er,en, for j→2`. In this limit, e2x;e2X0j, e2h

;e2Y0j, and hence,

er;expF 1

312q2 @~312q2!a1q2c2q2X023Y0#j G ,
e2n;expF 2

312q2 ~2q2c1q2X013Y0!jG . ~3.3!
4-5
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In general, the radiuser→0 asj→2`, except in the specia
case

~312q2!a1q2c2q2X023Y050. ~3.4!

This equation, combined with Eq.~3.1!, gives the only real
solutionX05Y05a52c. In this caseer→const asj→2`.
When these conditions are not satisfied, the metric func
e2n is singular near the critical points, giving rise to a sing
larity aser→0.

Also when the relation~3.4! is satisfied, the metric func
tion e2n behaves singularly near the critical points, but th
can be shown to be simply a coordinate singularity by co
puting the curvature invariants, which tend to a const
value asj→2` when Eq.~3.4! holds. One can also chec
that, under these conditions, the scalar fields are regula
j→2`. Therefore, all the trajectories starting from the po

FIG. 1. ~a! The phase planeZ50. As discussed in the text, onl
the dashed trajectory corresponds to a regular black hole solu
while the others correspond to solutions with naked singularit
~b! The projections on the planeZ50 of the trajectories lying on
the hyperboloid. Also in this case, only the dashed line correspo
to a regular black hole solution.
02401
n
-

-
t

or
t

X05Y05A 3

31q2 B

correspond to solutions with regular horizon, providedc5
2a. These special trajectories are represented in Figs.~a!
and 1~b! by dashed lines.

To complete the analysis of the phase space we must
investigate the nature of the critical points on the surface
infinity. This can be done by defining new coordinatesu, y,
andz such that infinity corresponds tou→0:

u5
1

X
, y5

Y

X
, z5

Z

X
.

Then Eqs.~1.12! take the form

u̇52~z212p!u,

ẏ52~z212p!y1
31q2

3
z21p,

ż5~y2z222p!z ~3.5!

where we have definedp5P/X2 and a overdot denote
ud/dj. The critical points withu50 can be classified in
three categories.

~1! Two critical points, which we denoteL1,2 placed at
y51/2, z50, i.e.,

X56`, Y5
X

2
, Z50.

These are the end points of the trajectories lying in theZ
50 plane. The analysis of stability shows that the point w
X.0 (X,0) acts as an attractor~repellor! both on the tra-
jectories coming from finite distance and on the tw
dimensional bunch of trajectories lying on the surface at
finity.

~2! Two critical pointsM1,2 lie at y5(31q2)/3, z25(3
1q2)/3, i.e.,

X56`, Y5
31q2

3
X, Z5A31q2

3
X.

These are the endpoints of the trajectories lying on the
perboloidP50. The analysis of stability shows that also
this case the point withX.0 (X,0) attracts~repels! both
the trajectories coming from finite distance and those ly
on the surface at infinity.

~3! Two critical pointsN1,2 lie at y51, z253/(312q2),
i.e.,

X56`, Y5X, Z5A 3

312q2 X.

These are the end points of the hyperbola~3.2! in the X
5Y plane. The points withX.0(X,0) act as attractors
~repellors! on the trajectories coming from finite distance a
as saddle points on the trajectories at infinity.

In Fig. 2 we sketch the pattern of trajectories on the s
face at infinity. The point at infinity is reached forj→j0 ,

n,
s.

ds
4-6
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where j0 is a finite constant. It is easy to see that forj
→j0 , the functionsx andh behave as

ex;uj2j0u1/v0, eh;uj2j0uy0 /v0,

where v0[z0
212p0 , the subscript 0 indicating the valu

taken at the critical points. Hence, ifj0Þ0, for j→j0 , the
metric functions behave as

en;e2r;uj2j0u@3/~312q2!#@y01q2/3#v0
21

,

eF;uj2j0u@3/~312q2!#@y02~31q2!/3#v0
21

,

eS;uj2j0u@3q/~312q2!#~122y0!v0
21

. ~3.6!

The following picture of the phase space emerges: a fam
of trajectories start at the ellipse and end at one of the crit
pointsL1 ,M1 ,N1 . Another family of trajectories start at on
of the critical pointsL2 , M2 , or N2 and end at the ellipse
Moreover, there are trajectories which never intersect
ellipse, connecting the critical points atX52` to those at
X51`. Of all the trajectories, only those starting at poin
of the ellipse such thatX05Y0 can correspond to regula
solutions. For completeness, we observe that most of
trajectories lying in the interior of the hyperboloid joinM1 to
M2 , but we shall not study them in detail because they
devoid of physical significance.

IV. DISCUSSION

We finally discuss the implications of the phase spa
portrait of the previous section on the physical properties

FIG. 2. The phase space on the sphere at infinity, wherw
5arctan(Y/X), u5arctan(AX21Y2/Z).
02401
ly
al

e

e

e

e
f

the solutions. For this purpose, it is useful to define a n
radial coordinater such thatdr5e2zdj, as in Sec. II. One
has

r 5
r 12r 2e2aj

12e2aj , ~4.1!

where we have definedr 152a(12e22aj0)21, r 2

52ae22aj0(12e22aj0)21. In this way it is easy to identify
the range of variation ofj with the corresponding physica
regions of the spacetime.

For j→7`, r→r 6 , while for j→0, r→`. Moreover, for
j→j0 , which without loss of generality we shall assum
non-negative,r→0, except whenj0 vanishes.

If j0Þ0, we can identify the trajectories starting at th
ellipse and ending at the pointj0 with the exterior region of
the black holer .r 1 . If the condition~3.4! is satisfied, these
solutions possess a regular horizon. Moreover, they are
ymptotically flat, sincee2x and e2h tend to a constant a
j→0. One can calculate the behavior of these solutions
r→r 1 From Eqs.~3.3! and ~3.4!, one sees that for regula
solutionse2n;e2aj and hence,e2n;(r 2r 1) for r→r 1 . In
the same way one can see that the scalar fields are consta
that limit. It may be noticed that Eq.~3.6! implies that in the
unphysical limitr→0, e2n;e22r.

With our conventions, the trajectories starting atX52`
and ending at the ellipse correspond to the unphysical reg
0,r ,r 2 . Unfortunately, sincer 2 is in general a singular-
ity, one cannot single out the trajectories corresponding
physical solutions by requiring the regularity of the curvatu
invariants near that point, as forr 1 . Moreover, with our
methods, we are not able to connect the solutions in
region r .r 1 with those inr ,r 1 and then to discuss thei
behavior atr 5r 2 . This may, however, be achieved by usin
numerical methods.

The casej050 needs a separate discussion. The soluti
are no longer asymptotically flat, but their behavior forr
→` can be obtained from thej→0 limit, which in our case
turns out to be

en;uju@3/~312q2!#~y01q2/3!v0
21

,

er;uju12@3/~312q!#~y01q2/3!v0
21

,

eF;uju@3/~312q2!#@y02~31q2!/3#v0
21

,

eS;uju@3q/~312q!#~122y0!v0
21

.

Moreover, since forj→0, r;uju21, it follows that for r
→` the solutions behave in one of the following three wa
depending on the critical points where they terminate:
e2n, e2r, e22F, e22S,

L1,2, r , r , r , const,

M1,2, r 6/~31q2!, r 2q2/~31q2!, const, r 6q/~31q2!,

N1,2, r ~612q2!/~312q2!, r 2q2/~312q2!, r 2q2/~312q2!, r 6q/~312q2!.
4-7
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These patterns coincide with those of the exact soluti
~2.10!, ~2.16!, or ~2.22!: hence all solutions of the system
~1.2! are either asymptotically flat or possess the sa
asymptotic behavior as one of the exact nonflat solutio
Moreover, from the discussion of Sec. III of the phase sp
at infinity, it follows that the pointsN1,2 are unstable, so tha
most trajectories of this class actually behave like the so
tions ~2.10! or ~2.16! for r→`.

As noticed above, the other relevant limit case,B50, cor-
responds to the extremal black hole limit. In this case,
only critical point at finite distance is the origin of coord
nates, and all the eigenvalues of the linearized equations
ish. This degeneration corresponds to a power-law beha
of the variablesX, Y, and Z near the critical point:X;
2aj21, y;2bj21, Z;j2b, AP;j2a. One can easily
see from the field equations that the only possible values
a and b are a51, b51/2, a51, b51, anda53/(31q2),
b51, which coincide with those of the exact extremal so
tions of Sec. II. One can also check numerically that only
valuesa51, b51 are stable, so that all the trajectories, e
cept the exact ones, behave near the critical point at
origin similar to the solutions~2.21! ~case C!. This is inter-
esting, because from the previous discussion we know
this limit corresponds to the horizon of the extremal bla
hole. Now, it is well known that in the cases A and C of Se
II, the extremal ‘‘string’’ metricdŝ25e2fds2 has a ‘‘near-
horizon’’ limit in which the metric functione2r becomes
constant@11#, and hence the spacetime decouples in the
rect product of two two-dimensional spaces, while this is
true for case B. But since all solutions except A and
behave as C near the horizon, we can conclude that solu
B is the only one for whiche2r is not constant near th
horizon.

Before concluding this section, it is important to rema
that the qualitative properties of the phase space and hen
the solutions are unaffected by the value of the parameteq,
which is therefore essentially irrelevant for our discussio

V. CONCLUSIONS

From the previous discussion results that there is a la
class of asymptotically flat regular black hole solutions of
D
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field equations~1.2!. These are characterized by three para
eters: mass, magnetic charge~or equivalentlyr 1 andr 2 , or
a andj0!, and a third parameter which classifies the differe
trajectories starting from the critical pointsX05Y0

5A@3/(31q2)#B, Z050. We conjecture that the third pa
rameter can be related to~a combination of! the scalar
charges of the dilaton and the modulus. This conjecture c
not be checked explicitly because only in a few special ca
the solution can be written in an analytic form.

The presence of an independent scalar charge would
resent a novelty in the context of the no-hair results. In fa
in the known cases of dilaton gravity with nonminim
dilaton-Maxwell coupling, even if the dilaton is nontrivia
its charge is not an independent parameter, but is relate
the mass and magnetic charge of the black hole~secondary
hair!. In our case of two nonminimally coupled scalar field
it seems instead that a new independent charge is need
order to classify the solutions.

Another interesting result is that in the extremal limit a
the solutions except the unphysical case of a minima
coupled dilaton, have the same behavior near the horiz
decoupling into the product of two two-dimensional spac
This is interesting since such a behavior is required in rec
attempts of calculating black hole entropy by counting m
crostates of a conformal field theory@12#.

Finally, we have clarified the role of non-asymptotical
flat solutions, which were first discussed in Ref.@8# in the
case of ordinary dilaton gravity, and shown that in our mo
they form a two-parameter family whose asymptotic beh
ior can assume only three possible forms.

ACKNOWLEDGMENTS

I wish to thank David Wiltshire for interesting discussion
and Massimiliano Porcu for help with the numerical calcu
tions. This work was partially supported by a coordinate
search project of the University of Cagliari.
v.

A.
@1# G. W. Gibbons and K. Maeda, Nucl. Phys.B298, 741
~1988!.

@2# D. Garfinkle, G. T. Horowitz, and A. Strominger, Phys. Rev.
43, 3140~1991!.

@3# C. F. E. Holzhey and F. Wilczek, Nucl. Phys.B380, 447
~1992!.

@4# J. D. Bekenstein, Phys. Rev. D5, 1239~1972!; 5, 2403~1972!.
@5# S. Coleman, J. Preskill, and F. Wilczek, Nucl. Phys.B378, 175

~1992!.
@6# V. Kaplunowsky, Nucl. Phys.B307, 145 ~1988!; J. Dixon,

V. Kaplunowsky, and J. Louis,ibid. B355, 649 ~1991!.
@7# M. Cadoni and S. Mignemi, Phys. Rev. D48, 5536~1993!.
@8# K. C. K. Chan, J. H. Horne, and R. Mann, Nucl. Phys.B447,
441 ~1995!.

@9# E. Witten, Phys. Lett.155B, 151 ~1985!.
@10# D. L. Wiltshire, Phys. Rev. D36, 1634 ~1987!; 44, 1100

~1991!; S. Mignemi and D. L. Wiltshire, Class. Quantum Gra
6, 987 ~1989!.

@11# S. B. Giddings and A. Strominger, Phys. Rev. D46, 627
~1992!; M. Cadoni and S. Mignemi, Nucl. Phys.B427, 669
~1994!.

@12# See, for example, J. Maldacena, J. Michelson, and
Strominger, J. High Energy Phys.9902, 011 ~1999!, and ref-
erences therein.
4-8


